Introduction to trigonometry
Arkady Alt.
1. Definition of functions sinz, cost (for any real ¢)
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Orientation on the plane: Positive-counterclockwise; negative -clockwise.
Let C;(O) be the circle with radius 1(unite circle) with center in origin O of
coordinate system XOY.Let ¢ be a point on numerical line T'and let

t> M, : T — Ci(O) be the mapping of numerical line T on unite circle C;(0)
defined as follows:

To any number ¢ we set in correspondence point M, on the circle such that
ark PM, (positively oriented if t > 0 and negatively oriented if ¢+ < 0) has length
equal to [¢]. We will give special names to coordinates of point M, : a

cost for first coordinate (x —coordinate) and sin¢ for second coordinate

(v —coordinate).

That is M,(cost,sint) and cost is orthogonal projection of M, on axe

OX (vertical projection), sint is orthogonal projection of M,

on axe OY (horizontal projection).

Since M,(cost,sint) is point on the unite circle then

|c0s2t + sin’t = 1| for any real ¢. (cos’t + sin*t = 1 yield




cos’t < 1 < |cost| < 1 and sin’*t < | < [sint| < 1).
Also, from definition, since

follows that

sin(—t) = —sin4 (sine is odd function on R)

cos(—t) = cost| (cosine is even function on R),

and [cos(t + 2nm) = cost,sin(t + 2nm) = sin{

for any real r and any integer » (cosine and sine

are 2z —periodical functions on R).
From definition (as we can see on the picture with
unite circle) follow that sin(z — ¢) = sint and also we can

sint; = sint, t =0t
see that =
t1,t, € [0,27) hh=mr—1
Ccost; = cotsy =t
and = .
t1,tr € [0,271') ty = -1

Rigorous (formal) proof will be later.

2.

Sign distribution for sine and cosine.
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Sum and difference formulas for Sine and Cosine.



(1))

(oS a.,Sin a)=(cos( o—B), sin (a-B))
u

p (cosp,sinp) =(1,0)

o X

In XOY coordinate system:

PQO? = (cosa —cos B)° + (sina — sin B)? =

cos’a — 2 cosacos B + cos?f + sin’a — 2sinasin B + sin’f =

(cos’a + sin’a) + (cos?B + sin?B) — 2(cosacos B + sinasin f) =

2 —2(cosacos B + sinasin f3).

After rotation in positive orientation axes OX and OY on

angle g (new axes OU passed through point Q) we obtain new
coordinates system UOV.

Since in coordinate system UOV point P have coordinates (cos(a — f3),sin(a — 3))
and point Q have coordinates (1,0) then

PO? = (cos(a— B) — 1)* + (sin(az — B) — 0)* =

cos?(a — B) —2cos(a — B) + 1 +sin’(a — B) = 2 —2cos(a — B).

Then we obtain 2 — 2(cosacos f + sinasinff) = 2 —2cos(a — ) <

(1) cos(a— B) = cosacos B+ sinasinf.

Since cos(—f3) = cos B,sin(—B) = —sin B and cos(a + B) = cos(a — (-B))
then by replacing g in (1) with —8 we obtain

cos(a + B) = cosacos(—f) + sinasin(—ff) = cosacos ff — sinasin . So,
(2) cos(a+ B) = cosacosf —sinasinf.

By replacing (a, 8) in (1) with (%,t) we obtain

n n . n . .
cos( 5 —t) = C0S -5~ COSf + sin -5~ sinf = sinf¢
(2 2 2

for any real  (because cos% =0, sin% = 1).
. _ l _ l _ . .
Since cost = cos > ( > t)) then by replacing ¢ in

equality cos(% - t) = sinz with (% —~ t) we obtain cost = sin(% —~ t).



So, we have two correlation cos(% - t) = sinz and sin(% - t) = cos]

for any real t.
Using these correlation we obtain

sin(a+ ) = cos(Z ~ @+ ) = cos((£ ~a) - p) =

cos(? - a) cosf + sm(7 - a) sinff =

sinacos 8 + cosasin f and then sin(a — ) =

sin(a + (—=fB)) = sinacos(—p) + cosasin(-ff) =

sina cos 8 — cosasin f.

Thus, we have another two important formulas for sine:

(3) sin(a+ B) = sinacosf + cosasinf and

(4) sin(a— B) = sinacos B — cosasin .

In particular, applying formulas (2) and (3) for = ¢ we obtain

(5) cos2a = cos’a — sin’a and

(6) sin2a = 2sinacos .

Since cos?a + sin’a = 1 then 1 + cos2a = cos?a + sin’a + cos’a — sin’a = 2 cos’a
and 1 — cos2a = cos’a + sin’a — (cos’a — sin’a) = 2sin’a.

Thus more two formulas:

(7) 1+cos2a = 2cos’a,

(8) 1 -cos2a = 2sin’a.

By replacing « in formulas (7) and (8) with % we get two new formulas

which gives opportunity calculate sine and cosine of half argument, that is

9) |cos > | /H% and
|sm—| ‘/m

We can determine sign of cos % and sin% using information about

position of % on the unite circle, namely cos% = /1+—§°S“ if end of
the arc which correspondent to % belong to right hulf-circle, otherwise

o _ _ |[1+cosa
cos 2 /—2 .

And sin% = 1‘% if end of the arc correspondent to % belong

to upper hulf-circle, otherwise sin% = - /1_% )

Also we will note "Reduction formulas" as more applications of
formulas (1)-(4):

sin(% + t) = cost,

cos(% + t) = —sin¢,
sin( — t) = sint,



sin(z + t) = —sint,
cos(m £¢t) = —cost.

4. Geometric proof of sin(a + §) = sinacos 8 + cosasin 3.

h,=bcos o =ccos

Let AD 1 BC. Then CD = bsina,BD = csinf3, AD = bcosa = ccosff and
[ABC] = [ACD] + [ABD] - CD-AD . BD-AD _ bsina - ccosf N csinf} - bcosa

2 2 2 2
besinacos B+ becosasinff  be(sinacos B+ cosasin fB)
2 B 2 ’
besin(a + B)

From the other hand [4ABC] = .Then sin(a + ) = sinacos  + cosasin f.

2
5. Sine of sum of two angles using Sine-Theorem.

A

Assume that AC is diameter of the circle and equal 1. Since A4ABC and AADC are
right triangles then DC = sina, BC = sin 8. Also note then by Sine-Theorem

DB = sin(a + B).
Let CK 1L DBthen DB = DK + KB = DCcos f + BCcosy = sinacos f§ + sin 3cosy.



Thus, sin(a + ) = sinacos 8 + sin fcosy.

6. Values of sine and cosine for concrete angles.

A
AB=1, AC=BC
450° ~2C=90°
1
sin45°=cos45°=
2
45¢°
B &— v C
T r _ 2
SIn =—- = COS =~ = ——
4 4 2
A
AB=BC=CA=1
1
30°|30° BK=?=00560°=sin30°

I

AK=./AB2-BK2 = T =sin60°=co0s30°

AB=AC=1

AM=BM=BC=2sin1®
CM=2CL=2BCsin18=4sin218°

1 =AM+ CM = 2sin18° + 4sin’18° implies sin18° = ﬁT_

1



Hence, cos18° = AK = J1 - BK? = /1 —sin%18° =

(2 -

1 1

(Later we will represent another way (algebraic)
for calculation of sin18° ).

7. Application of formulas (9), (10)
Example. Find cos =%

oos 2 /1+C0 / > 2+J§ :J4+2J§ _1+43
8 N

gz _ 1+y3 ~/_+~/_

Slnce belong to 1-st quarter then cos 7= = =

12 2.2 4

Find sin ﬁ

Example.

S
Find cos =2 B

Sn _ b _ mw Y\ _ L _ T\ — qin L
COST TS\ 12 12> Cos(z 12> sin 5
Ir 11z 137

Find cosﬁ,sm 1

8. Product to Sum Formulas.
By addition (1) and (2) and by substruction (1) from (2) we obtain, respectively,
cos(a + f) +cos(e — ) = 2cosacosff <

(1) cosacosp = <@+ F) ;cos(a -B)
cos(a — B) —cos(a + ) = 2sinasinff <
(12) sinasinf = cos(a — B) ; cos(a + ) _
Similarly, (3) and (4) give us sin(a + 8) + sin(a — §) = 2sinacos§ <
(13) sinacosf = sin(a + B) + sin(a — f5)

2
(14) cosasinB = sin(a + ) ; sin(a — B) ‘
9. Sum to Product Formulas.

and

‘= a+pf
a=x+ -
Since for any a and 8 we have ) o 2 then
2
cosa+cosﬂ=cos(x+y)+cos(x—y):2cosxcosy=2cosa;ﬁcosa;ﬁ
and cosa — cos B = cos(x +y) —cos(x —y) = —2sinxsiny = —2sin a;ﬁ sin a;ﬁ'

Also we obtain sina + sin 8 = sin(x + y) + sin(x —y) = 2sinxcosy = 2sin a+p cos



+p . a-p

and sina — sin § = sin(x + y) — sin(x — y) = 2cosxsiny = 2cos ¢ sin

2 2
So we have more four formulas which give four standards of factorization.

(15) cosa +cosf = 2cos a+p cos a—p

2 2
(16) cosa—cosﬁ=—2sina;ﬂsina;ﬁ
(17) sina+sinﬁ:2sina;ﬁcosa;ﬁ
(18) sina—sinﬁ=2cosa;ﬁsina;ﬁ.

10. More trigonometric functions.

._ sint
tans ;= < (tangent of 7)
Y
° ®
OP=1
Y
M P Bkt
ON=cost
t MN=sint
\ @ X
o N [P
o

We call vertical line (Q_P> axes of tangents, because

OP _ MN OP _ sint _
OP — ON = = Cost < QP = tant.

Dom(tanr) = R\{z | t € R &cost = 0} = R\{n/2+2kn | k € Z}.

._ Cost
cots = S (cotangent of ¢)



P Q OP=1
Q@
M. PM=t
K¢
ON=cost
t
MN=sint
© N

. . «—
We call horizontal line QP axes of cotangents, because

OP _ OK OP _ cost _

OF ~ KM S 1 = sint < QP = cott.

Dom(cott) = R\{t | t € R &sint = 0} = R\{kr | k € Z}.
Also in trigonometry can be useful functions

sect == —L— with domain R\{x/2 + 2kr | k € Z}
and csct = ﬁ with domain R\{kz | k € Z}.
Both, tangent and cotangent are odd and periodical with period .

N sin(=t) _ _gint _
Indeed, tan(—t) = cos(1)  cost tant,
_osin(t+m)  _—ging _ N cos(=t) _ cost _
tan(t+ ) = cos(ttr) _ —cost ~ tant and cot(—t) = Sn(-r) ~ —sint cott,
_cos(t+m)  —cost _
cot(t+m) = sn(tr ) © —sint - cott
11. Identities with tan and cot.
(19) tantz - cott = 1.
Since {kr | k€ Z} U{n/2+2kr | k € Z} =,then
domain of identity is [R.\{kT” | ke Z}.
(20) 1 +tan’t = 12 = sec’t;
cos’t
(21) 1+cot?t = —— = csc?r,
sm-¢
12. Additional formulas for tangent and cotangent.
We have
tan(a + B) = sinacosff+cosasinfi  cosacosfB(tana +tanff)  tana +tanp
~ cosacosf—sinasinf  cosacosB(l —tanatanfB) 1 —tanatanf

cosacosff—sinasinfi  sinasinf(cotacotf—1)  cotacotf—1
sinacos B +cosasinff  sinasinf(cota +cotf) ~ cota+cotf

and cot(a + pB) =



Thus, we have two more formulas:
(22) tana+ p) = ~2REH 0D pomain

—tanatanf -
a+p + 7+k7r,a + ?+mn,ﬁ + 7+nn,k,m,n e Z.
_ cotacotf—1 ,
(23) cot(a+pB) = cota + cotf .Domaina + p +# krn,a + mr,B + nn,k,m,n € 7.

In particular we obtain

(24) tan2q = —21a00 _ gng
1 —tana

_ cot?a—1
(25) cot2a = Seota
13. All trig function via tangent of half argument.
By replacing a in formulas (24) and (25) with £we obtain

2
2tan%
(26) tana = — and
I —tan 5
cot2% -1 1- tanQ%
(27) cota = T T Ty d
cotj tanj
cos2% sin? g 1 — tan? g
Also we have cosa = cos’> % —sin? & = Z - =
2 2 cos’Z +sin’d 1 +tan?d
2 2 2
2sin g cos% 2tan %
and sing = 2sin % cos & = = .So,
2 2 cos’Z +sin’d [ +tan?
2 2 2
1 —tan 2%
28) cosa =
(28) 1 +tan2 &
2
2tan%
29) sing = ———=—.
(29) 1+ tanZ%

We also should take in account following transformations:
(30) tana + tan § — sing sinf _ sinacosftcosasinf _ sin(a £ f)

Cosa — cosf cosocos f3 cos o cos f3
(31) cota + cot f — S8 4 cosff _ sinfcosatcosfsina _ sin(f+a)
- sina ~ sinf sina sin sina sin
(32) cota + tan g — Cos 4 SNB _ cos(a * p)
- sina ~ cosf sinacosf} -

In particular, cota —tana = 2 cot2a.

14. Reduction formulas for tangent and cotangent.
I _ = o —
(33) tan( 2 a) = cota and cot( > a) = tana,

(34) tan 7 + a) = —cota and cot(— + a) = —tana.

15. Basic equations.



a+p . a-p

sing = sinf} < sina —sinff = 0 < 2cos 5 sin— =0
a+p a+p
cos — =0 TI%*‘k’T |:a=—ﬁ+(2k+l)7r
= = .
sina;ﬁ ~0 a;ﬁ = mp a = p+2mp

Both cases can be united in on formula
(35) sina =sinf < a=(-1)'B+nr,nel”

cosazcosﬁ@cosa—cosﬁzo@—2sina;ﬂsina;ﬁ =0
. a+p a+p
smTzo TZkﬂ' a = —B+2kn
= = .So,
sina_ﬁ ~-0 a-p - mr a=p+2mn
2 2
(36) cosa =cosP <= a=*pf+2nr,ne’

_ B _ sin(a — B) a_ _
tana = tanf < tana —tanf = 0 < 08 0cos =0=a-pP=kr = a=p+krn kel
(37)tana =tanf <= a = f+kn,k € Z
and similarly

(38) cota =cotf <= a = B+kn,k € Z.
Example of application.

Solve equation sin2x = g

Since g = sin% then sin2x = @ = sin2x = sin% = 2x = (—1)”% +nm =
— (1" . nw

x = (-1) 6 + 5

Problems.

Solve following equations:

sin(3x— ) 2; cos(— —2x> ‘/_ ; tan2x = 1.

16. Amplituda formula.
sina = sin

First we will prove that if { and a, B € [0,27) then a = B.
cosa = cosf

L Y.
Indeed, sina = sinj = @ =D +mn =+ +2n1 = (-1)"B + mn.
cosa = cosfB a==xf+2nrx

Possible variants:

a=p+2nr
k=0=a=p.

a = p+2knr a=(k+n)r 0<n+k<?2
2. = e =
a=-f+2nrx B=m-kr 0<n-k<2

= f+ 2k
1.{(1 p d < k=n=0because a - f =2knr = 21 < 2kn < 21 <=



0<n+k<l1 k<n<l-k
=nTE=t g == = max{k,~k} < n < 1 +minik,~k} <
0<n-k<1 k<n<l1+k

kl<n<1-kl=2k<1=k=0=0a=0,.
= - 2k+1
3. {a P+ @k+ Dz = 2k + 1 = 2n —the contradiction.

a=—-f+2nrx

—

4 a=-f+2k+ 1) 20 = 2k+1+2n)1 0<2k+1+2n<4
. - =
a=p+2nn 2= QRk+1-2n)n 0<2k+1-2n<4

0<2k+2n<3 0<k+n<l1
= =2n<1l=>n=0=a=p.

0<2k-2n<3 0<k-n<l1
Let ¢ be some angle such that ¢ < [0,27) and cosp = —%— singp = —L2
Ja* +b? Ja* +b?
Then angle ¢ is determined uniquely and we obtain
asinx + beosx = JaZ + b? [ —4— .sinx + —L2 . cosx) =
Ja? + b? (sinxcos@ + cosxsing) = ya® + b? sin(x + ).
Or, if ¢ is determined by cos¢ = ¢,sinq) =— then
Ja* +b?

a

asinx + bcosx = Ja? + b? cos(x + @).

17. Sine and Cosine of the triple angle and, more general,

of any multiple argument.

Applying sum to product formulas we obtain:

cos3t+cost = 2cos2tcost <> cos3t = 2(2cos’t— 1)cost — cost <

(39) cos3t = cost(4cos’t—3)

and

sin3¢+ sint = 2sin2¢cost < sin3¢ = 4sintcos’t — sint < sin3¢ = sin#(4cos’t— 1) <

(40) sin3¢ = sin#(3 — 4sin’t).

For any natural » we have

cos(n+ 1)t +cos(n— 1)t = 2cosnt « cost <

(41) cos(n+ 1)t =2cosnt «cost—cos(n—1)t,n € N.

Using recurrence (40) we can recursively obtain cos2¢,cos3¢,cos4t,. ...

Similarly sin(n + 1)¢+sin(n — 1)t = 2sinnt « cost <

(42 ) sin(n+ 1)t = 2sinnt - cost—sin(n — 1)t, n € N.

We can see that in both cases cosnt and sinnt subject to the same recurrence
Thi1(x) = 2xTy(x) — Tyo1(x),n € N.

In the case of initial condition for T(x) = 1, 71(x) = x we obtain

sequence of polynomials (7,(x)),., such that 7,,(cost) = cosnt.

Such polynomials are called Chebishev’'s Polynomials of the first kind.



Example.

sindt = 2sin3¢ « cost — sin2¢t = 2sin#(3 — 4sin’¢) - cost — 2sintcost =
2cos#(3sint — 4sin’t —sint) = 4cost(sint — 2sin’¢)

(Another way: sin4t = 2sin2tcos2t = 4sintcost(1 — 2sint))

sin5t = 2sin4tcost — sin3t < sin5t = 2 « 4cost(sint — 2sin’t) « cost — sin#(3 — 4sin’t) <

sin5¢ = 8(1 — sin?¢) sin#(1 — 2sin’¢) — sin#(3 — 4sin?t) =

sin#(8(1 — sin’¢)(1 — 2sin?t) — (3 — 4sin’¢t))=sin#(16sin*t — 20sin’t + 5) =
sint (2cos2t+2cosdt+ 1).

Remark.

As application of triple-angle formula we will find sin == 10
Since sin 5 = cos 2 5 =cos g =

/S /. /S /A /-
2sin XL 10 %70 = S 1¢ 10 (4cos 10 3) < 2sin-Z 10 = 4cos? 10 3=

2sin 2 = 1 - 4sin®>-Z- then denoting x := sin-Z- > 0 we will find value of

10 10 10

sin-Z- as positive root of quadratic equation 4x> + 2x — 1 = 0,that is

10
_ -1+J5 _-1+/5
= 4 ThUS Sll’lﬁ = T
18. And more useful formulas.
1. 4s1n<— - a) smasm(— + a) = sin3a;

2. 4cos<— — a) cosacos(— + a) = cos3a;
tan(; - a) tanatan(; + a) = tan3a.

sinasin( £ +a
tan(— — a) tanatan(— + a) = <3 ) ( 37r ) =
cos( 3~ )cosacos(— +a)
\/? 1 . ﬁ 1
(T cosa — > sina | sina > cosa + > sina (3C0$2a—sin2a)sina
= 20 — 3sin2 =
(% cosa + gsinog cosa(% cosa — ‘/E s1na> (cos“a sin“at) cosa
(3 — 4sin’a)sina sin3a

= = tan3a.
(4cos’a—3)cosa  cos3a an e

W

Application.

Calculate without calculator and tables:
a) tan20° tan40° tan 80°.

b) 4(cos24° + cos48° — cos84° — cos 12°)
Solution.

a) For a = 20° we have tan40°tan20° tan 80° tan( 3 a) tanatan(— + a) =

tan3a = tan60° = /3.
b) Let S := cos24° + cos48° — cos84° — cos 12° = 2¢0s36°cos 12° — 2 cos48°cos 36° =



2c0s36°(cos 12° — c0s48°) = 2¢c0s36° - 2sin30°sin 18° = 2¢c0s36°sin18° =
2c0536°cos72° — 2€0836°c0872°sin36° _ cos72°sin72° _ sinl44° _

sin 36° B sin36° ~ 2sin36°

sin36°  _ 1 o o o oy _ AQ —
> sin36° 2.Hence, 4(cos24° + cos48° — cos84° —cos12°) = 4S5 = 2.

19. Sum to product with more addends.

+B 2P

a
cosa +cosfB+cosy +cos(a+ f+7v) = 2cos co

a+pf
5 5 +2cos(y+T)cos

2cosa+ﬂ(cos%ﬁ+cos(y+%’3)):2cosa+’8 -200sa+ycosﬁ+y

2 2 2

+ﬁCOSﬁ+yCOSY+a.

(43) cosa+cosf+cosy+cos(a+ f+y)=4cos ¢

a

2

sing + sin  + siny —sin(a + B+ y) = 2sin ¢ >

2sina+ﬂ(cos%’3—cos(y+a+ﬁ))=2sina+’8 -Zsina+ysinﬂ+y

2 2 2 2

a+p .nﬁ+ys. y+a'

(44) sina+sinB+siny —sin(a+ f+y) = 4sin 5 sin =" sin

20. Application to geometry:
In particular if a, B,y be angles of a triangle then o + B+ y = = and
o B 4
r
"

a B Y

then cosa + cosf+cosy =1 +

Qoo B

Also, sina + sin 8 + siny = 4¢0s -5 COS = c0S = <= § = 4R COS = COS =~ COS =

2 2 2 2 2

21. Exploring behavior of trigonometric functions.

Since sint and cost are 2z —periodical then suffice explore these function on interval

with lengths of 2x.

1.sinton [-z,7] and cos on [0,27]

First note that since sinz is odd suffice explore behavior on [0, 7].
Part 1. sin¢ is strictly increasing on [-7/2,7/2).

B

cosa +cosfB+cosy =1 +4sin7sin75in§ and since r = 4Rsin%sin7

Indeed, let —z/2 < t; < t, < /2 then sint, —sin¢; = 2cos
W +1
2

2 2

t

because —n/2 < <n2 = cos% >0and 0 < tz%

Forrn2 <ti<trh<mwehaveO<rm-th<rm—t <nl2 =

sint, = sin(w — t,) < sin(zw — ) = sint;. Thus, sinz is decreasing on [7/2,7].

Part 2. sint is concave down on [0,7].
Let0 <t <t <nm Then Smtlzﬂ < sginfiFtia

2
Indeed, w — sin & ;” cos 22 g b« sin% because
0<%<n:>sin%>Oand0<%§n/2:>0§cost2;
max sint = 1 = sinZ.
1€[0,7] 2

Obtained information enough to draw graph of sin¢

tH+1 sin th —

L < 7/2 = sin

hh—1

> 0.

+p

2 2
+p a—-p a+B\ . a+p
cos — 2cos(y+ 5 )sm 5 =



1.0 7
0.8 7

0.6

-0.6

-0.8

-1.0 —

Since sin(% + t) = cost then graph of cost can be obtained by linear translation of
graph sint on % left.

2. tant.
Since tant is periodical with period 7 then suffice explore it's behavior on (-7/2,7/2).

Part 1. tanz is increasing on (-x/2,7/2).
sin(t; — t1)

>0
COS 1y COS 1

Indeed, let —/2 < t| < t, < n/2.Then tant, — tan¢; =

because 0 < £, —t; < 7.
Part 2. tan¢ is concave up on [0,7/2) (concave down on (-/2,0] because
tanz is odd function).

LetO <1 <t < n/2.Then 0O £t o 0 L+ 1o

—
d, tant; + tant, > tan htty sin(¢; + t2) S >

Indee > > costicosty ~ L+t

1+
2 > 1
COStiCcoSty — oS Hh+ib
2

2cos2% > 2cost1costy <> 1 +cos(t) +1t2) > 2c0ost1COsty <

Ccos

+
= cosz% > COSt COSty <

1 > cos(t, —t1).



—TT 11 A0 X
2
21. Basic trigonometric Inequalities.
oY >

OP=1
PQ=tan(t)
KM,=sin(t)

Q)
t
t X
o) K [P N

First we recall that area of the sector that organized by angle ¢ (in radian measure) in the
IR*

>
Let ¢ € (0,7/2) and let sM,OP be sector of the unite circle.

Then Area(AM,0OP) < Area(sM,OP) < Area(AQOP) <

circle of radius R equal



M < Area(sM,OP) <

(') sint <t < tant
And since ¢ < tant < tcost < sint we obtain one more inequality
(") tcost < sint < ¢.

Lett € (—n/2,7/2)\{0}. Since sint is odd then SITI” is even function and then

op.opP o sintel _ t+12 < tanz.1

2 2 2 2

—

sing _ sinft|

to

Also since cost? is even then cost = cos|t| and we have for any ¢ € (-n/2,7/2)\{0}
sin¢|
. i
(M) cost < %ﬂf < 1,t € (-n/2,1/2)\40}.

Inequalities (1), (1), (!!!) are very important for calculus.

<l e

|t|cos|t| < sinft| < |t|] < cos|t| <

Problem.

Prove that 1 — % < costand sint < t— %,z € (0,7/2).
Several applications.

1.We will prove that function %ﬂt is decreasing on (0,7/2).

Lets e (0,7/2) and & > 0 such that 1+ h e (0,7/2) then Sint _ SE+A)

t t+h
(t+h)sint—tsin(t+h) _ ¢sing+ hsint —rsintcosh — tcostsink _
t(t+h) tt+h)

tsin#(1 —cosh) + hsint — tcostsinh

tt+h) B
tsint(1 — cosh) + (hsint — htcost) + (htcost — tcostsinh)

tt+h) B
2tsintsin2% + hcost(tant — t) + tcost(h — sinh)
>0
tt+h)

because / > sink and tanz > .

In particular, since 1L decreasing then nsin %

increasing inn € N,

¢ n
thatis nsin- < (n+ 1)sin PO N,t € (0,7/2).
ot Lt Sin% Sinnfrl t t
|ndeed,ns1n7<(n+l)smn+l = = < : because - > T
n n+1
2. We will prove that function ta—?t is increasing on (0,7/2), 0 < x < n/2,h > 0 and
x+h < n/2.

tan(x+4)  tanx _ sin(x + ) _ _sinx _ xcosxsin(x+ /%) — (x + h)sinxcos(x + h)

x+h X (x+h)cos(x+h)  XCOSX (x + h)xcosxcos(x + i)

xcosxsin(x + ) — (x + h)sinxcos(x + h) =

xcosxsinxcosh + xcos’xsink — (x + &) sinxcosxcosh + (x + h) sin>xsink =
xcosxsinxcosh + xcos’xsink — (x + &) sinxcosxcos/ + xsin’xsink + hsin’xsink =
xsinh — hsinxcosxcosh + hsin’xsink > h(x — sinx) + Asin’xsink > 0.




3. Proof that 2x —tanx 1 x € (0,7/4) (without derivatives).
Let g(x) := 2x —tanx and & > 0 such that x + & < n/4.

— =2} — — 9 _ sinh
Then g(x + h) — g(x) = 2h —tan(x + k) + tanx = 2h cos(x + h)cosx
; sinh _ sinh _ sinh _
Since cos(x + &) < cosx and =< 1 then 24 CoSCx + 1) cosx > 2h T B

sinh
h 1 2
hl 2—-—"—— hl2—-——— | =h(l -t h))>0.1
cos?(x + h) g ( cosz(x+h)> ( an“(x +h)) =

4. Proof that % 1 x € (0,7/4) without derivatives.

Let # > 0 such thatx + 4 < #/4.

Note that sin®(x+h)  sin2x _ xsin*(x +h) — (x + &) sin’x
x+h x x(h+x) :

And we have

xsin?(x + 1) — (x + k) sin’x = x(sin?(x + &) — sin’x) — hsin’x =

xsin(2x + k) sinh — hsin’x > xsin(2x + h)hcosh — hsin®x = h(xsin(2x + h) cosh — sin’x) =
sin(2x + 2h) + sin2x

h(x >

5. Proof that x + cosx 1 x € R.

Let g(x) :=x+cosx,x e Rand 0 < & < 7/2.

Then g(x + h) —g(x) = h+cos(x + h) —cosx = h —2sin(x + h/2)sin(h/2) > h—2sin(h/2) =

2(h/2 — sin(h2)) > 0.

- sinzx) > h(xsin2x — sin’x) = Asinxcosx(2x — tanx) > 0.

22. Inverse trigonometric functions.

1. Inverse for sint.

Since sint is strictly increasing function on [-z/2,z/2] such that sin([-7/2,7/2]) = [-1,1]
and [-1, 1] = ranger(sin) then restriction of mapping sin : R - [-1,1] on the segment
[-7/2,7/2], that is mapping sin : [-7/2,7/2] — [-1,1] is bijection Therefore, defined
inverse mapping sin! : [-1,1] — [-7/2,7/2] which for any real number s € [-1,1]

set in correspondence angle (real number) t € [-n/2, /2] such that

sin"!(sint) = ¢, t € [-n/2,7n/2]
sin(sin"!(s)) = s, s € [-1,1]
2. Inverse for cost.
Since coss is strictly decreasing function on [0, 7] such that cos([0,7]) = [-1,1]
and [-1, 1] = ranger(cost) then restriction of mapping cos : R - [-1,1] on the segment
[0,7], that is mapping cos : [0,7] — [-1,1] is bijection Therefore, defined
inverse mapping cos™! : [-1,1] — [0,7] which for any real number s € [-1,1]
set in correspondence angle (real number) ¢ € [0, 7] such that

cos~!(cost) =t, t e [0,7]
cos(cos7'(s)) = s, s € [-1,1]

3. Inverse for tans.
Since tant is strictly increasing function on (-z/2,7/2) such that tan((-z/2,7/2)) = (—o,0)



and (-, ) = ranger(tan) then restriction of mapping tan : Dom(tan) — (—w,) on the
interval (-n/2,7/2), that is mapping tan : (—r/2,7/2) — (-0, ) is bijection

Therefore, defined inverse mapping tan™! : (-o0,0) — (-x/2,7/2) which for any real
number s € (—x,0) set in correspondence angle (real number) ¢ € (-x/2,7/2) such that

{ tan~!(tant) = 1, t € (-n/2,7/2)

tan(tan~!(s)) = s, s € (—o0,0)

4. Inverse for cotz.

Since cott is strictly decreasing function on (0, 7) such that tan((0,7)) = (—o0, )

and (-, ) = ranger(cot) then restriction of mapping cot : Dom(tan) - (—w,) on the
interval (0,7), that is mapping cot : (0,7) — (-0, ) is bijection

Therefore, defined inverse mapping cot™! : (-o0,0) — (0,7) which for any real
number s € (-0, ) set in correspondence angle (real number) ¢ € (0,7) such that

{ cot™!(cott) =1, t € (0,7)

cot(cot™!(s)) = s, s € (—o0,0)

Properties and formulas.
Prove that.

1.sin”'(=x) = —sin”!(x), x € [-1,1];

2. cos'(—x) = m —cos7'(x), x € [-1,1];
3. tan"'(—x) = —tan"'x, x € R;

4. cot™!(—x) = m —cot™!(x), x € R;
5.sin7'(x) + cos7'(x) = &, x € [-1,1];
6

tan~!(x) + cot™' (x) = %, x € R;

7.sin7!(x) = cos‘l(,/l —x2> = tan‘l(—“l;xz> = cot‘l<%>,x e (0,1).
x

b

to be continued....



